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1 Multiplying matrices problem

Example 1 (Multiplying 2 matrices). Input: n+ 1 natural numbers po, ..., pn, representative of the dimensions of the n
matrices Ay, ..., Ay, where A; is of dimensions p;_1 X p;

Output: Order of multiplying the matrices (inserting brackets) to calculate B = Ay ... A, at the lowest number of
calculations.

Solution. We will use P[1, k] to be the optimal price for the calculation of By = A1 A, ... Ak, and P[k + 1,n] to be the
optimal price for the calculation of By, = Agt1...A,. Therefore the price of the overall problem is P[1,n], and the
first recursive formula is P[1,n] = 1<Ikn<in . {PI[1,k] + Plk + 1,n] + poprpn }-

When we continue to split, we will notice that every sub problem we see is of the following style: We will calculate the
minimal price, the multiplication 1 < ¢ < j <n B, ; = A;A;41 ... Aj, of which there are O (nz) = (72’) + n. We will also
write P[i, j] to be the optimal price of the calculation B; ;.

The general recursive formula:

0, ifi=j
Pli,j] = min {P[i,0] + Plk+1,j] + pi1pip;} . otherwise
1<k<j
O
n|0]2]-
J10]-1-
11 -71-1-
117 |n
Table 1:

Algorithm. We are only interested in the upper left triangle (including the diagonal), since below that is the same work.

We will define the table T of size n x n. We want to write for every 1 < i < j < n in the cell T'[¢, j] the price P[i, j].

1. Initialisation: We will define Vi € [n] T'[¢,i] =0

2. Tteration: We will fill the table in (n — 1) iterations, where in the iteration 1 < d < n —1 we will fill the cells T[4, j],
where j — i = d according to the recursive formula

Tligl = i AT[, k) + Tk + 1,5+ pioapeps}

3. Ending: We return 71, n|

Runtime: We will show that filling each cell is O (n). It is sufficient to see that in the filling of the cell T, j] (for
every 1 <i < j <mn), the cells that affect them in the recursive formula have already been filled in the previous iteration.
It is true that when k < j that k —i < j —i = d. Additionally, j — (k+ 1) < j — ¢ = d. There are in total O (nQ) cells, so
therefore the overall runtime will be O (n3)

In order to return the correct distribution of brackets, we will save during the filling of each cell the choice of k which
enables the minimum in the recursive formula. O



